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Kohn-Sham Hamiltonian 

Kohn-Sham (KS)-Hamiltonian: 

KS kinetic energy Hartree Exchange-correlation  
 

External potential 

Contributions 

KS Kinetic energy: Kinetic energy of KS orbitals 

Hartree: Repulsive self-energy of electron density 

Exchange-correlation: Exchange + “Correction terms”  

Electrons in the field of the nuclei 

 

 



Kohn-Sham Hamiltonian 

Kohn-Sham (KS)-Hamiltonian: 

Looks like Hamiltonian of non-interacting electron  

in external potential: 

VS(𝑟) 
(“external potential” ) 



Kohn-Sham equations 

Use KS Hamiltonian for Schrödinger-like equation 

⇒Wavefunctions 𝜙i define fictitious non-interacting particles  

⇒Designed to reproduce density (energy) of real electrons: 

 

Real electron density Wavefunctions of fictitious particles 



Intermediate conclusion 

Kohn-Sham equations  look like Schrödinger equation for 

non-interacting electrons 

Kohn-Sham orbitals correspond to fictitious particles 

Kohn-Sham orbitals reproduce the real electron density 

For the moment:  

Treat KS particles as if they were electrons 



The eigenvalue problem 

KS equations define an eigenvalue problem: 

 
But first: Other problem! 

 

Depend on 𝜌(𝑟), which depends on the 𝜙i 

Dilemma:  

We use equation to find 𝜙i 

We need 𝜙i in order to solve equations 

 



The self-consistent field cycle 

Solution to dilemma: 

Start with initial guess for 𝜌(𝑟) (e.g. atomic densities) 

Derive VH and Vxc 

Solve eigenvalue equations 

Get new, improved 𝜌(𝑟) 

Go back to start 

 

 
If input = output:  

system is converged 

real density +total energy obtained 

scf cycle 



Solving KS equation in solids 

Solid:  

Built up of unit cells 

Periodic in all 3 dimensions 

Periodicity:  

As many solutions as unit cells 

Solutions labeled with 𝑘 

Microscopic sample: Infinitely many (dense) 𝑘 points  

KS equations in solid: 

 

 

 



Quantum numbers in solids 

KS equation:  

Two quantum numbers: 

i … main quantum number 

i runs from 1 to N=(no. of electrons per unit cell)/2 

E.g. in Boron: i from 1 to 3 

𝑘 … quantum number for momentum:  𝑝 = ℏ𝑘 

∃ as many 𝑘 as unit cells in solid 



Solving the KS equations 

KS equation:  

Introduce basis set: (L)APW 

Express wavefunctions in basis functions: 

 

Formulate KS equations with basis set: 

 

Determined via rgkmax 



Solving the KS equations 

Matrix equations to be solved:  

Generalized eigenvalue problem! 

Overlap matrix S: 
Non-zero for i≠j in APW! 

APW basis set: 



Electronic structure: Key parameters 

Number of 𝑘 points 

𝑘 points have a physical meaning: 

band energy at certain 𝑘 point can be measured 

The larger the unit cell, the less 𝑘 points are needed 

Insulators need few 𝑘 points 

(typically  4x4x4 to 6x6x6 for 1-atom unit cell) 

Metals need many 𝑘 points 

(typically 20x20x20 to 30x30x30 for 1-atom unit cell) 

exciting code: ngridk 

 

 

 

 

 



Electronic structure: Key parameters 

Size of basis set 
Is nothing physical, result of numerical procedure 

Meaning:  

How accurately is wavefunction described for a given 𝑘 point? 

Exciting parameter: rgkmax 

Determines size of basis set indirectly: 

  gkmax = rgkmax/rMT 

  
 

Automatically compensates effect of muffin-tin size 

 

 

gkmax 



Electronic structure: Key parameters 

Convergence checks 

Do convergence checks before each calculation 

Check convergence for ngridk and rgkmax 

independently! 

A higher ngridk can NOT compensate for a low rgkmax  

and vice versa 

Scaling of computing T time with parameters: 

T ~ nkpoints^1 

T ~ rgkmax^9 



Electronic structure: Al 

Al atom 

Electronic configuration:  

[Ne] 3s2 3p1 

Electron binding energies (eV) 

 

 

 

2p3/2 -72.5 
2p1/2 -72.9 
2s -117.8 
1s -1559 

3 
2 

1 



Electronic structure: Al 

Al crystal 

Unit cell: 

Face-centered cubic 

Reciprocal unit cell:  

Body-centered cubic 

 

Conventional cell Primitive cell 

W 

L 

Γ 

W X 
K 

1st Brillouin zone = 

Wigner-Seitz cell in 

reciprocal space 



Electronic structure: Al 

Band structure 

W 

L 

Γ 

W X 
K 

Core state: 
No dispersion = flat 



Electronic structure: Al 

Band structure: Around Fermi level 

W 

L 

Γ 

W X 
K 

Parabolic dispersion 
≙ free electron gas 



How to get band character 

Remember: Wavefunction expanded in basis functions: 

 

APW basis functions contain character: 

 



Electronic structure: Al 

Band structure: s character 



Electronic structure: Al 

Band structure: p character 



Electronic structure: Al 

Band structure: d character 



Electronic structure: Al 

Density of states 



Electronic structure: Al 

Density of states vs bandstructure 



Potentials 







Electronic structure: Si 

Isosurface of Wavefunction 

 Valence band 

 Gamma point 

 p-character dominant 

 



Conclusions 
KS states correspond to fictitious particles 

However: 

KS states give a lot of information on electronic structure 

Interpretation gives many hints on real electronic 

properties 

Go for real thing: GW (talk Mon. morning) 

 



The Last Slide: We are still so Excited!  

... we hope you, too ! 
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